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INTRODUCTION TO BIPLOTS FOR G"E TABLES'

Abstract

This report contains an introduction to hiplots, a technique to dsplay large tables in a
graph. The cnstruction and interpretation is explained a a fairly basic level and is
direded at plant breeders. The technique is ill ustrated with several artificial data sets as
well asared one from maize breeading in drought conditions.
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1. Introduction

Plant brealers typicdly conduwct large-scde trids to investigate the performance of large
numbers of genatypes in several environments with the am of seleding the "best' genatypes for
the purpose of further improvements of crops. The data from such trials consist of the scores on
one or more dtributes for ead genotype in ead environment, barring missng data. Generaly
data from severa replicaions are avalable axd the raw results neel to be anadysed by
sophisticaed analysis of variance techniques to assess blocking effeds, to estimate variance
comporents, etc. (see anong others, Seale, Casalla, McCulloch, 1992 and the murse notes by
Cullis and Gilmour, 1995. For the purpose of this report, we asume that such analyses have
been caried ou, and that for further analysis a Genotype by Environment table with (adjusted)
meansis avail able.

This table can be analysed in a straightforward way with a smple two-way anaysis of
variance procedure, in particular a model with the overal mean, a genatype main effed, an
environment main effed, and a genatype-by-environment (G"E) interadion may be used.
Whether a red residual term is present depends on the usage of raw data with severa
replicaions (error term present) or the usage of environment means or equivaently no
replicaions (no error term present). In the latter case, one might consider the two-way (or first-
order) interadion as the aror term. The latter pradiceis, hovever, wasteful and incorred when
there ae many levels for either rows or columns or bath, becaise generaly there is a (large)
amourt of structure in the two-way interadion. Moreover, often it is the structure in this
interadion which is the focus of the analysis. There ae many waysin which a G”E table can be
modelled, and Table 1 gives an owerview of some of the propcsals withou claiming
completenessor originality.
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Tablel
Some models for two-way G E-tables'
Equation Description
Xj » N+ gi +§ main effeds

Xi»mtg+¢g+/06g
Xi»mtg+¢g+/ig

Xi»mtgtg+/iz
Xi»mtg+g+/uyv
Xi » mt+ g +§ + Sl pUipVjp

Xij » nrt § + Spf plipVip

XG =Xj-m-§

» Spl plipVip
Xij » n+ § + §Sp/ sUipVip
xdg = (X - m-@)/s

Tukey (1949 1-df for interadion model
Finlay-Wilkinson (1963 regresson on the
environment mean; joint regresson anaysis
regresson onan externa variable z

main effeds plus 1 multi pli caive term

main effeds plus P multiplicaive terms (due to
Mandel, 1972); also cdled AMM I-model®
genatype man effed is included in the
mullti pli cative model

X¢ isthe cantred version d x;

Xd environment standardised version d x;
§ is the scding fador of the j-th environment

(usually standard deviation)

»: ismodelled by; for equality an error term shoud be alded;

AMMI (Additive Main eff eds and Multi pli cative Interadion model) is a name sporsored by Gaugh (see eg.
Gaugh, 1988

model recommended by Cooper & Delagy (19949 for use with seledion.

When there is a large table with interadion, there is a need for methods to analyse the two-
way interadion in such a way that, if there ae systematic patterns present, they can be reaily
asessd and their relevance can be evaluated. Plots which show bath the genatypes and the
environments smultaneoudly can be of grea asgstance in this resped, and these plots, cdled
biplots (Gabrid, 1977, are the subjed of this report. The prefix bi refers to the smultaneous
display of bath rows and columns of the table, and nd to the two-dimensiondlity of the plots.

Generdly, when ore has a table of G genotypes and E environments, there ae & most
min(G,E) dimensions possble. For definiteness ske, we will assimein the sequel that there ae
more genatypes than environments, so that G is greaer than E and thus there ae amost E
dimensions posshle. As displays of more than two dmensions are generaly difficult to make
and even more difficult to interpret, most biplots sow only two dmensions. Obviously, ore
wants a display in which the interadion between genatypes and environments is presented as
well as possble. In ather words, ore wants to dsplay thase dimensions which acourt for the
maximum amourt of variation in the table. Thisimplies that we have to find a procedure which
provides us with the "best' representation in low-dimensiona space The appropriate tod for this
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is derived from a theorem presented by Eckart-Yourg (1936, and the technique is cdled the
singuar value decompasition (SvD). Thistedhnique provides us with coordinates on dmensions
(or diredions in spaceg; in the mathematicd literature these dimensions are cdled singuar
vedors. The dimensions are aranged in such away that they are orthogond, i.e. at right angles,
and successvely represent as much o the variation as posshle (see the Appendix for an
elementary introduction into vedors, and concepts such as orthogondity). Moreover, the
technique provides us with measures (singuar values) which, if squared, indicae the anourt of
variability acourted for by ead dmension. To dsplay the main variability in the table in a
two-dimensiond graph, we shoud use thefirst two dmensiors.

2. Singular value decomposition

2.1Basictheory

Suppase that we have atwo-way data matrix X with information ona single atribute, say
yidd, for G genatypes in E environments, and that there ae more genotypes than environments,
so that min(G,E)=E. The singular value decompasition svD of the matrix X is defined as

X=ULV¢ (1)

which may be written in summation ndation as

S

Xge: é I sUgsVes- (2)

=1

where Sis in most pradicd cases equa to E, i.e. we generally neal E terms to perfedly
reproduce the original matrix X. The scdars | s are the singular values arranged in deaeasing
order of magnitude, (Us) is a set of genotype vedors (the left singular vedors), and (vs) is a set of
environment vedors (the right singular vedors). In bah sets the vedors are orthonamal, i.e.
they are pairwise & right angles and have lengths equal to ore. U andV are matrices which have
the vedors us and vs as their columns, respedively. If the entriesin the table ae the interadions
from atwo-way analysis of varianceonthe original table (Mode 6 of Table 1), then bah us and
the vs are centred, i.e. ead column of U and V has a zero mean, becaise the origina table of
interadion effeds is centred. Moreover, in this case Sis at most E-1, becaise ceantring reduces
the number of independent dimensions by ore.

The us and vs are used to construct the ordinates for graphicd representations of the data.
In particular, they can be cmbined with the singular values | s in dfferent ways, of which the
following two versions are the most common ores.

: ;
Xge™ a Ugs(l sVes): a ygsZes (3)
s=1 s=1
S S .
Xge™ a (Ugsl 1/2)(Vesl 1/2): a ygs Ztas y (4)
s1 =1

where the y and the z are the genotype and environment coordinates of the first version
(principa  comporent scaled version), and y and the z those of the second \ersion
(symnretricall y scaled version), respedively (seesedion 3.3.
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2.2L ow-dimensional approximation
To find a low-dimensional approximation d X we have to minimise the distance between

the original matrix and the gproximating matrix, X . This (Euclidean) distance between two
matrices, X=(Xge) and X= (Rqe) , is defined as
and the Eckart-Yourg (1939 theorem shows that the best two-dimensional |least-squares

d(x.X):Jé A (xge- Rge) @)

g=1e=1

approximation d the matrix X can be obtained from the svD of X by summing only the first two
terms of equation (2).

2.3Quality of approximation

To evaluate the quality of the gproximation, we have to knov how much o the origina
variability of X is contained in the gproximating matrix X . The total variability in a matrix,
here defined as the uncorreded sum of squares, is equal to the sum of squared entries in the
table,

G E
Total variability= s5.= X[ = § & x3 , (6)

0=1 e=1

where _X_1 is cdled the norm of X. Becaise of the least-squares properties of the singular
value decomposition, the norm can be split i nto an explained and aresidua part, i.e.

X =[X]+x - %2 @

Furthermore, ore can use the orthonamality of U and V to show that this equation may be
expressed in terms of the singular values, i.e.

2
/§=é1/§+ 12 8)

1 o0
1 e,

Equeation (8) shows that the sum of the first two squared singular values divided by the total sum
of the squared singular values will give the propation d the variability aceourted for by the
first two singular vedors. Large propartions of explained variability will obviously indicate that
the plot based onthese two singular vedors will give agood representation d the structure in
the table. If only a moderate or low propation d the variability is acourted for, the main
structure of the table will still be represented in the graph, bu some parts of the structure may
reside in higher dimensions. If the data ae environment centred, genatypes locaed rea the
origin might either have dl their values close to the environment means, o their variability is
located in ancother dimension. Similarly, environments close to the origin may have little
variability or may nat fit well intwo dmensions.

3. Biplots
The most common graph to patray the relationships in atable is the biplot (Gabriel, 1971,
1981,Gabriel & Odoroff, 1990, Kempton, 1984. Fig. 1-5 are the biplots of our examples.
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3.1Standard biplots

A standard hbiplot is the display of a G" E (interadion) table X decomposed into a product
YZ¢of a G S matrix Y=(yg) and an E* Smatrix Z=(ze). Using this decomposition for R, the
two-dimensional approximation o X eat element Y. of thismatrix can be written as

)@e: ygl Zel+ ygz Ze2 (9)

which is the inner (or scalar) product of the row vedors (Yg1, Yg2) and (ze, ze); for further
information oninner products seethe Appendx. A biplot is obtained by representing ead row
as apaint Yg with coordinates (yq1, Yg2), and ead column as paint Ze with coordinates (ze1, Ze)
in a two-dimensiona graph (with aigin O). These points are generdly referred to as row
markers and column markers, respedively. Sometimes the word "markers is aso used for the
coardinate vedors themselves. Because it is nat easy to evaluate markers in athreedimensiona
gpace the most commonly used hplots are two-dimensional, which thus display the best
rank-two approximation d a matrix X. With the aurrent state of graphicd software, it is likely
that threedimensional biplots will become more @mmon. A straight line through the origin O
and apoaint, say Z, is often cdled a biplot axis, and is written as OZe, nd to be confused with a
coordinate ais.

If we write Yggtfor the orthogond projedion d Yg on the biplot axis OZe, gge for the angle
between the vedors OYy and OZe, and write | OZ| 2 for the length of avedor OZ, then we have

the geometric equivaent of equation (9) (see &so the Appendix)

)@ezl Oze”OYglcoiqge)zl Oze”OYgdtl' (10)
Yy Y
02 9
z - A R =l ]
° 1 1
Yg ] q'. 1 k! :
: Yy
\ g
) y
3. y91 of
- Y;'
Figuel Representation d two genatype markers and ore environment marker in a

biplot.
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Equation (10) showsthat %« is propationd to the length of OYqa; | OYgel . Thisrelationship is

of course true for any other genatype g¢as well. Thus the relationships or interadions of two
genatypes with the same environment can be assessed simply by comparing the lengths of their
projedions onto that environment. Furthermore, the relationship o interadion ketween a
genatype vedor OYy and an environment vedor OZe is positive if their angle is aaite, and
negative in the cae of an olluse angle. When the projedion d a marker Yy onto the
environment vedor OZ. coincides with the origin, %. is equa to zero, and the genatype has

approximately a mean value for that environment given that the data were environment centred
(Models 7 and 8, Table 1). A positive vaue for Y%. indicaes that genotype g has high scorein

environment e relative to the average score in that environment, and a negative value indicaes
genatype g has arelatively low score in environment e.

In graphs, the genotype markers Yy are generaly represented by paints, and the environment
markers Ze by vedors, so that the two types of markers can be dealy distinguished. This chaice
is preferred becaise genotypes are compared with resped to an environment rather than the
reverse.

3.2Calibrated biplots

Because inner products between the ordinates of the genatype markers Yy and those of a
column marker Ze vary linealy along the biplot axis OZ, it is possble to mark (or cdibrate) the
biplot axis OZe linealy in such away that the %. can be diredly real from the graph (Gabriel

& Odoroff, 199Q Greenaae, 1993. Note that the gproximate value % . does not depend on
the pasition d Yy, bu only on the orthogonal projedion Yge onto the ais OZe. When a data

matrix is centred as is the cae with environment centred data, the gproximating matrix is
centred as well, and avalue of % . equal to zero means that, in the e-th urcentred environment,

genatype g has a value gproximately equa to the mean o the e-th environment. One coud
mark the biplot axes acwrding to the (approximations of) the environments acerding to the
centred values. However, sometimes it is aso informative to replacethe centred values with the
‘red"' values by adding the observed means. After this decentring, the origin indicates the true
mean values for the environments, rather than zero for al of them.

3.3Two different versions of the biplot

In sedion 2.1the two most common ceampasitions of X were presented bah based onthe
SvD. These two decompositions leal to dfferent biplots with dfferent properties. Equations (3)
and (4) show that the values of the inner products between genotype and environment markers
are independent of the version wsed, so that in this resped the two versions are equivalent.
However, when looking at the relationships within ead set of markers, the two decompositions
lead to dfferent interpretations.

With the principal comporent scding (equetion (3)) the genotypes are in so-cdled standad
coardinates, i.e. they have zero means and unt lengths, and the environments are in principa
coardinates, i.e. they have unrestricted means and lengths equal to the asciated singular
values. If in the data matrix X the environments are standardised, then the wordinates of the
environments may be interpreted as correlations between the environments and the wordinate
axes. Here, all biplotswill have thistype of scding.

With the symmetricd scding (equation (4)) the crrelation interpretation canna be used,
because bath the genotype cmporents and thase of the environments have lengths equal to the
square roct of the singular values. Therefore, this version shodd primarily be used when the
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relations between the genatypes and the environments are the central focus in the analysis, and
not the relations among genatypes and/or among environments, or when the row and column
variables play a wmparable role in the analysis. The alvantage of the representation is that
lengths of the environment and the genotype vedors in the biplot are gpproximately equal. With
principal comporent scding it can easily happen that the genotypes are concentrated aroundthe
origin o the plots, whil e the environments are located ontherim, and viceversa

3.4Interpretational rules

An important paint in constructing the adua graphs for biplotsis that the physical vertical
and horizontal coordinate axes $ould have the same physical scale. This will ensure that
when ore projeds genatypes on an environment vedor, they will end upin the crred place
Faili ng to adhere to this scding will make it impossble to evaluate inner products in the graph.

The most basic property of any kind d biplot of atable & aparticular dimensiondlity, is that
the inner product of arow (genctype) vedor and a wlumn (environment) vedor in the plot is
the best approximation to the the arrespondng value in the table. If thereis a perfed fit in, say
two, dmensions, then the inner products are identicd to the values in the table. The maority of
the rules given below follow from this basic property. Addtional interpretations bemme
available if speda treaments have been applied to (1) the rows and/or columns, such as
centring and standardisation, and (2) to the mordinate axes, such as principal comporent scding
and symmetric scding. Below we will only present those interpretational rules which we think
are relevant for G” E tables, in particular we will nat consider the situation when the original
table is analysed withou centring.

General (irrespedive of scaling coordinate axes)

* genatypes are perferably displayed as paints and environments as vedors;

* if two genotype vedors have asmall angle, they have similar resporse patterns over
environments,

* if two environment vedors have asmall angle they are strongly associated.

Centred per environment

* the biplot displays the table of genotype main effed plus the two-way interadion (Model
7inTablel);

* genatypes arein deviationfrom the average for eat of the environments;

* the origin represents the average value for ead environment, i.e. it represents the
genotype which has an average value in eat environment. This average genotype has a
value of zero in the centred data matrix;

* a genatype with a large distance from the origin hes a large genatype plus interadion
effed;

* thelarger the projedion d a genctype on an environment vedor, the more this genatype
deviates from the averagein the environment;

Centred per environment and per genatypes

» the biplot displays the two-way interadion table; there ae & most min(G,E) dimensions
or coordinate axes (Modd 6in Table 1);

* both genatypes and environments are in deviation from their averages,

* the origin represents the average value bath for eat environment and for ead genatype
aaossal environments,

* a genatype (environment) with a large distance from the origin haes a large interadion
effed with at least one environment (genctype);

* thelarger the projedion d a genctype on an environment vedor, the more this genatype
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deviates from the average in the environment, and viceversa.

Principa comporent scaling: U andVL (Principa comporent biplot)
Centred per environment

- the wsine of the angle between any two environments approximate their correlation
with equality if thefit is prefed;

- the lengths of the environment vedors are gproximately propationa to the standard
deviations of the environments with exad propationdlity if thefit is perfed;

- the inner product between two environments approximates their covariance with
equality if thefit is perfed;

- the auclidean distance between two genatypes does not approximate the distances
between their rows in the origina matrix but their standardised dstance, which is the
square roct of the so-cdled Mahalanolis distance (for further detail's, see Gabriel, 1971,
p. 460f.);

- environments can have much longer vedors than genatypes, making visua inspedion
awkward; a partial remedy is to multiply al environment coordinates with an arbitrary
constant, which will make the relative lengths of the environment and genatype vedors
comparable. Note, however, that there is no obigation to use such a mnstant, and that it
isan ad-hoc measure.

Sandadised per environment

- the lengths of the ewvironment vedors indicae how wel the environments are
represented by the graph with a perfed fit al vedors have equal lengths;

- the inner product between two environments (and the @sine of the angle between them)
approximates their correlation with equality if thefit is prefed;

Symnetric scaling: UL”andVvL”
- If two environment vedors have asmall angle, they are highly corrdlated, bu their
correlation canna be deduced from the graph; smilarly the asciation ketween the
genatypes canna be properly real from the graph;
- due to the symmetric scding of environments and genatypes, bah are locaed in the
same part of the space adinner produwcts are ealy assessed.

4. Exampleswith perfedly two-dimensional data

To ill ustrate some of the properties, biplots will be presented of three variants of a small
data set, eadr of which fits perfedly in two dmensions. The first analysis will be with raw data,
in the seand ore the environment means have been removed (Model 7 o Table 1), andin the
third anaysis eat centred environment has been scded with its gandard deviation (Mode 8 of
Table 1). The data sets have been derived from ead aher, but it is impossble to crede
perfedly two-dimensional centred data by centring a perfedly two-dimensional raw data set, in
contrast to creaing the standardised data set from the cantred ore. Because the data sets are fit
perfedly in two-dimensions, the biplot will exadly represent the origina data. This means, for
instance, that the inner products cdculated from the biplots are equal to the data themselves.
Moreover, the standard deviations of the environments can exadly be gauged from the biplot
from the lengths of the environment vedors. If the data had been threedimensional, these
lengths would orly have been an approximation. Furthermore in cases of imperfed fit, large
data values will be represented by large inner produwcts, small data values by small inner
prodicts, bu nat al values in the origina data matrix will be fitted equally well by the inner
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products.

4.1Raw data

Raw data have nat undergone ay preprocessng, i.e. centring and/or scding, and therefore
the dimensions will be strongly influenced by the means. To show this the means of the
genatypes and the environments have been included in Table 3. Table 3 showsthe (nea) perfed
rank correlation ketween the first dimensions and the means for bath the environments and the
genatypes, indicating that these dimensions represent the diff erences between the means.

Table 2. Raw Data
Environments
Genotypes A B C

From Table 3 and Fig. 2 and the size of the variability acourted for (97% and 3%,
respedively), the dominance of the first dimension is obvious. The caise is the strong
dominance of the means in the analysis. Fig. 2 is rather lopsided, becaise the representation o
the genatypes is in standard coordinates, and that of the environments in principa coordinates
with lengths equal to the singular values (5.11and .81,respedively). Therefore, the vedors for
the environments are much longer than thase of the genatypes.
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18

a4

° —t —2 — —a ——8-
Figure 2 Biplot of the perfedly two-dimensional raw data (Note: The scding of the
horizontal and verticd axesisnat equal).

Table 3 Genatype and Environment Coordinates for the Raw Data

$ standard coordinates; £ principal coordinates

4.2 Data centred by environments

The raw data have been processed by subtrading the environment means in acerdancewith
Mode 7 o Table 1. Subsequently, they have been adjusted to make them perfedly two-
dimensiondl.

Again the representation d the genatypes is in standard coordinates, and that of the
environmentsisin principal coordinates (lengths 4.75and 2.11 respedively) makes the
vedors for the environments longer than those for the genatypes, but nat as much as for the raw
data (Table 5). If we dhocse 4 as an arbitrary appropriate constant to adjust (here divide) all
environment coordinates, the plot is more balanced and easier to real (seeFig. J).

The length | Alof Environment A follows from | Al = ¢ (.9402+ 1.9713 = (4.77 = 2.18,

which may be foundfrom the Fig. 3 (kegoing in mind the aljustment fador of 4). The length of
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Genotype 6 is |G6| = & (.357 +-.319) = .479. The inner prodwt of Genotype 6 and
Environment A is .357 .940+ (-.319" 1.971 = -.296, which is equa to the data vaue for
Genotype 6 in Environment A, becaise of the perfed fit. The cosine of the ande between
Genatype 6 and Environment A, cosgesa IS the inner product divided by the lengths of the
vedors, or -.296(2.18" .479 = -.28 and the ange gasa = 106°. The projedion d Genatype 6
onto the Environment A is the vedor G6atand its (signed) length is equal to the length of
Genoatype 6 times the wsine of gesa or | G6|3cosgesa =.479" -.296= -.142,where the minus
sign indicates that the projedion is on the oppasite side from the origin from Environment A.
The lengths of the environment vedors are propationd to their standard deviations. The
badkgroundfor the cadculationsis contained in the Appendix.

Table 4 Environment Centred Data

Table5 Genotype and Environment Coordinates for the Environment Centred Data

In Fig. 3 pojedions of al genatypes onto Environment A have been drawn, and the
relative performance of the genotypes in Environment A can dredly be real from the graph.
When the data ae nat perfedly two-dimensiona, the inner products and thus the lengths of the
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projedions are only approximations to their red values. Note that the diredion d the
environment is of vital importance in asessng whether genatypes perform above or below
average. Furthermore, nde that it is nat the dosenessof a genatype point to the environment
vedor, bu the size of the projedion that determines the relative performancein an environment.
For instance, Genatype 9 is much closer to the environment vedor than Genotype 8, bu the
projedion d Genatype 8 islarger (.6709 than that of Genatype 9 (.3833, seeTable 4. It isthus
incorred to use a Euclidean dstance (as one woud measure with a ruler) between an
environment point and a genotype point to assesstheir relationship.

Measuring the anges between the environments from the graph a cdculating them from
the mordinates gives gag = 104,gac = 120°, gs,c = 16°, correspondng to correlations or
coSiNES of rap =-.24,rac =-.50,and rc = .96.

4.3 Data standardised by environments

The ewironment centred data can be scded withou effeding their perfed two-
dimensiondlity, which makes dired comparison o the results possble. We have used the
(popuation) standard deviation s, i.e. withou degrees of freedom corredions. Alternatively, we
could have used s.

06

04

02

0.2

04

0.6

-1 — 05 | 0 — 05 | T
Figure 3 Biplot for the perfedly two-dimensiona centred data
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Table 6 Environment Standardised Data

From Table 7 we seethat all environments have equal length vedors, and in the graph they
are necessrily equal as well. When the fit is nat perfed, the differences in lengths indicae
differencesin fit of the environmentsin the two dmensions shown in the biplot. Fig. 3and 4are
fairly smilar, because the standard deviations of the environments were nat very different (see
Table 4).

04
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0.6
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Biplot of the perfedly two-dimensional environment standardised deta.
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Table 7 Genatype and Environment Co-ordinates for the Environment Standardised Data
H

5. Example: M exican maize data

Ten trids were conducted to evaluate gains with reaurrent (S; or full-sib) seledionin open-
palinated genatypes from three late tropicd maize popuations (La Posta Sequia, Pod 26
Sequia ad Tuxpefio Sequia) that have been espedaly sdleded & CIMMYT for tolerance to
drought aroundflowering. The popuations have been improved by evaluating and recombining
superior families based on their performance under managed drought environments and an
irrigated environment. Five of the trials sujjeded the plants to drought while the other trias
were well-watered. The data were analysed to determine gains with seledion and to determine
how grain yields and aher traits had been affeded by seledion. Included in the trials were three
ched cultivars which had been improved by conventia breeding. Full details abou the trids
and the analyses as well as al references can be found in Chapman, Edmeades, & Crossa
(1996.

Here the yield data will be mnsidered to show the biplot at work with red data in a cae
where there is no perfed fit. The raw location means were standardised by environments (see
Model 8, Table 1). The @-ordinates for the two-dimensional biplot in PCA-scding are given in
Table 8, and the biplot itself in Fig. 5. The two dmensions represent 69% of the variationin the
origind G+G”E array. A third comporent acourts for an additional 12%.

Given the environment standardisation d the data the wsines between the angles of two
environments represent the best approximation to their correlations in two dmensions. Thus
water-stressed environments (including the well-watered, bu iron-deficient environment 6) are
highly correlated with na much dff erence between the intermediate (1,5 and severely stressed
environments (2,4). Thereis a dea distinction between stressed and norstressed environments,
apart from environment 3, which takes an intermediate position. The genotypes do nd cluster
acording to popuation, bu there is a dea progresson with seledion for ead popuation
towards increasing yield espedally in stressed condtions, as is evident from the negative
projedions of L1, T1, and P1 onthe vedors of the stressed environments, i.e. they had below
average yield in thase environments. Early seledions of Tuxpefio and Pod 26 hed aso below
average yields average in nonstressed environments (7,8,9,10. The latest seledions (L4, T3,
and P3) al have pasitive projedions on the stressed environments, i.e @ove averageyields. The
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increase has been most spedaaular for Tuxpe o. La Postayielded above average and continued
to do so, dthowgh continued seledion after L3 led to an incresse in yied in stressed
environment, bu a deaease in the nonstresed environments. From the present data, it is
difficult to judge whether thisis a systematic or acadental deviation from the pattern. The dedk
cultivars which have gone through convential seledion dd na improve their drought tolerance,
as evident from their below average projedions onthe environment vedors.

6. Relationship with PCA

In principa comporent analysis we ae looking for that linea combination c=Xb which
acourts for the largest amount of variationin a set of variables X. The standard solution to this
problem is constructing the sums-of-squares-and-crossproducts matrix (or after centring and
scding the arrelation matrix) X, and cecompaosing it (via the egenvedors and e genval ues)
in VLV ¢ furthermore XX ¢gcan be decompaosed into ULU¢lt can beshownthat U, V, and L are
the same & the matrices defined in equation (1). Moreover, cis equd to the first column of U
and b is equal to | 1 times the first column o V. In ather words, principal comporent anaysis
corresponds to the fadorisation d equation (9). The parameters for a principal comporent
analysis can thus diredly be derived from the singular value decompasition. However, in PCA it
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is general pradice that X is a arrelation matrix, while this assuumption is nat made for the
singular value decomposition. What this srowsisthat PCA isredly aprocedure with two steps,
i.e. a centring and scding followed by a (singular value) decomposition. The separation d these
two steps is generally not emphasised in genotype by environment analyses but it becmes
essential when analysing threeway data of genotypes by environments by attributes.

08 9

04

02

Wl P1/

06 |
06 04 02 0 02 04 06 08 1

Figure5: Biplot for Mexican Maize Yield Data

(Legend: P = Pod 26, L = LaPosta; T = Tuxpeo; Ch* = Ched of *; D = Drought
Resistant Varieties 1& 2)
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APHFENDIX
Some basic vedor geometry relevant to bipl ots®

The interpretation d biplots depends heavily on properties of vedors in the plane or three
dimensiona space This appendix provides a minimal introduction into the most basic
properties of vedors lealing upto the ideas of inner products and projedions.

Vedor: Symbad: x or X

(Fig. 6A) A vedor isadireded line segment; it has alength and adiredion. Mostly vedors
in hplots dart a the origin, the paint (0,0) in a two-dimensional biplot. The
coordinates of X in the two-dimensiond case ae (x1,X2), where X1 isthe value on
the horizontal coordinate ais and x. the value on the verticd coordinate axis.
Therefore, avedor X runsfrom (0,0) to (X1,X2).

Length: Thelength of avedor isindcated by 12X14 and it isfound vathe

(Fig. 64) Pythagorean theorem (a’=b*+¢%): 15X 15= ((x1°+%2°) = O(Si Xi°).

Scalar multi pli cation:

(Fig. eB) 9‘ = aX. Thevedor Xis multiplied by a scdar a, and the resulting vedor ?has

the same diredion as X, bu isatimesaslong. Thus 1/ﬁ1/2: ay Xy andyr = axq
+ axo.

Addition: Z =X+ ? with coordinates z, = X1 + y1 and 2 = X + yo.

(Fig. 6C)

Suliraction: Z =X - ?or zZ=X +(-§§‘) with coordinateszy = x1 - yr and z = X2 - Y.
(Fig. D)

Linear combination:
(Fig. 7A) Z = X + bﬁ, which is a ombination d vedor addtion and scdar
multi pli cation.

Ange The angle between two vedors can be diredly read or measured from a

(Fig. B) graph, and we will i ndicate an angle between X and ? as gy. The agle can be
computed algebraicdly viathe inner product or dot product.

Inner product/Dot product:
The dot product betV\&een two vedors is indicaed by X-X when using vedor
geometry, and by X¢Y when X and ? are mnsidered vedors. In the latter case
the product isreferred to as the inner product or scdar product of X and 9‘
The dat product isdefined as X - ? = X1y1 + XoY2 OF in more geometric terms: X - ?
= X138 1/c0sg, which is the length of X times the length of § times the
cosine of the angle between them.

“Abstraded from Thomas. D. Wickens (1995. The geometry of multivariate statistics. Hill sdale, NJ: Erlbaum.
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Calculation d ande:
First cdculate the awsine of the angle: cosgy = (X4 9‘5)/1/2X 61/5/29‘ 75 then
convert the @msine to an angle via the "inverse wsine" button onyour pocket
cdculator or lookit upin atable.

Spedal anges: o

(Fig. 8A) gy = 0° ® cos gy =1 X8and Y9 are colli near, i.e. they lieonthe samelinein
the same diredion; ¥10=bx 11with >0; X 12iscollinea with itself gu=0;

(Fig. 8B) gy = 180 ® cos gy = -1: X13 and ?14 are collinear, i.e. they lie on the same
line but in oppasite diredions; ¥15= bx 16 with b<0;

(Fig. 8C) gy = 90° ® ©cos gy = 0 X17 and ?18 are orthogona (perpendcular);
x19 §20=0.

Projedion: < <

(Fig. D) The projedion Y 21¢of Y22 on X23isavedor collinea with X24 which can be
found ly droppng a perpendicular line from ?25 onto X26 (seefigure). Thus
§27¢= dx 28 Thelength o ¥29¢is 145 30vc0sqey, andd = (x31- ¥32)/15x 33,2

Equdlity between cosines and corr elations:
If the ewvironments are_centred, then the wsine of guy,the angle between two
environments X 34 and 9‘35isequal to their correlation ryy,

a(x-x)yi-y)  _  axy, _ xy = co

T A aly -y Y Jaxay DXl

where we have used the fad that the means are zero.




